





« What is U(1) global gauge symmetry?
U(1) = e ; where 6 is independent of (¢, %)

If L, the Lagrangian density remains invariant under U(1) global gauge group, we call it global U(1) gauge
Invariant Lagrangian.

Here we shall consider the Lagrangian for the complex scalar field given by:2
L=(0,0)T(0!D) — u?oTd — A(dTD)

Under U(1) global gauge transformation given by, U(1) = e'? , the above Lagrangian remains invariant.
The “potential”: V(®, ®1) = p?dTd + A(CDTCD)Z

Problem: Assuming ® = % (P, + id,) and T = % (d,; — id,) one can show that

1 1 u? A
L= E(auqh)(a“q%) + E(OHCDZ)(@“CDZ) - 7(‘13% + ®3) — Z(CD% + ®3)?



v

Let us define the magnitude of the vacuum expectation value (VEV) to be |[(0|®|0)| = V= + /‘T"‘z

*** Note that, here % Is considered instead of v due to the normalization factors present in the definitions
of & and ®T.

(0|P|0) = %eif , here ¢ is the parameter which can run continuously from 0 to 2. All values of ¢ are

valid and if different values are plotted we obtain a circle. All the minima lie on the circumference of circle.
The potential profile corresponding to the potential looks like :




The symmetry will be spontaneously broken when one of the minima out of infinite minima is chosen by the
system. All the minima will lie on the circle of minima indicating degenerate energy eigen states. Since, @ is

complex, we can write , ® = % (v +n(x) + i€(x)) where, n(x) and £(x) are newly introduced fields.

Rewriting the Lagrangian in terms of these new field variables, we find :

1 1 A
£=[5@m)@m + | + |5 (3,6) 01| + [uz(nS +1E0) =20+ £+ 227 +

w
47
Firstterm is free K. G. Lagrangian for the field , which carries a mass uv2

« Second term is free Lagrangian for the field &, which is massless.
e  Third term defines five couplings:




Observations:
« DOF matching: Before SSB, DOF was 2 (P, & ®,) and after SSB it became 2 (n & ¢)

» The new form of Lagrangian does not posses the symmetry of the older one. It is spontaneously broken
by the selection of a particular vacuum state.

* One of the newly defined fields (¢) becomes massless keeping the other one (n) massive.

» According to Goldstone’s Theorem it i1s known that spontaneous breaking of a continuous global
symmetry is always accompanied by the appearance of one or more massless scalar (spin-0) particles
which are called Goldstone bosons.

Take home message:

Although we started our journey hoping to use SSB to account for the mass of weak interaction gauge
fields, but we landed up with a massless scalar boson which had not yet been detected in any high energy
particle physics experiments. It is hard to believe that a massless scalar boson would miss all the detectors
without depositing energy in any form of detectors. If neutral they should show up in the form of missing
energy and momentum.

Let us apply the idea of SSB to the case of local gauge invariance . It woks fantastically here and resolves
the issue of giving masses to the gauge fields.



HIGGS MECHANISM

(Anderson — Brout — Englert — Guralnik — Hagen — Higgs - Kibble)
(U(1)-abelian gauge theory )

Consider local U(1) gauge invariance with U(1) = ™) with 6 being space-time dependent variable.
Under this transformation the field @ transforms like : &' = e?®™®) @ | the following Lagrangian remains
Invariant as long as 6 is global variable.

L= (3,®)t(@"D) — u2dte — A(oTd)”

The story takes a remarkable twist if one considers local U(1) gauge invariance .The prescription is same
as the case of Spinor fields. In order to restore the local gauge invariance of the above Lagrangian one needs
to introduce a massless gauge fields A, and replacing the derivatives of the above equation by covariant
derivatives :

D, =0, +igA,

The transformation of the gauge field is given by: A’ = 4, + é 0,6



The generic form of Lagrangian for abelian gauge theory is given by: )
L= (D,0)"(DrD) — p2dTd — A(d1 )" — ZFAE,

Where, F,, = 0,4, —0d, A,

This is the most attractive mechanism for explaining the origin of mass of elementary particles. Actually it
gave the answer to the longstanding question : What is the origin of mass of elementary particles?






Here we shall consider U(1) local Abelian gauge transformation defined by U(1) = ¢99(%) : where g is the
U(1) gauge coupling and 8 is function of (t, x%

Local gauge invariance introduces the gauge field which Is responsible for mediating interactions. The gauge
field is denoted by A, . According to the prescription, to keep the Lagrangian invariant under the local U(1)
gauge group one needs to replace ordinary derivatives (d,) by covariant derivatives (D,,) .

Therefore, we can write the £, the Lagrangian density for complex scalar field, which remains invariant under
U(1) local gauge group as :

L=(D,P)"(DHP) — u?dTP — A(cb*cb) — —F I OSSR ———— (1)
. 1 .

Where, D, =09, —igA, ; @ = E (P, +id,) and dT = NG (P — iD,)

F., = 0,A, — 9,4,

The transformation of fields under U (1) local gauge group are defined by :

®'(x) = W@ (x) and and A}, (x) = A, (x) + éaue

« 2" and 3" terms in Egn. (1) are potential term for SSB.

* 4" term in Eqn (1) is the kinetic energy term of the gauge field A,.
* Notice that there Is no mass term for the gauge field A, as it would manifestly break the gauge invariance.



e The situation u? > 0: we have a vacuum at (0, 0). The exact symmetry of the Lagrangian is preserved in

the vacuum: we have QED with a massless photon and two massive scalar particles @, and &, each with
a mass L.

« However, the situation becomes remarkably different, when u? < 0 . Here, we have an infinite number
2

of vacua, each satisfying, ®% + ®5 = — ”7 = v2. The particle spectrum is obtained by studying the

Lagrangian under small perturbations using the same procedure as for the continuous global symmetry .
Because of local gauge invariance some important differences appear. Extra terms will appear in the
Kinetic part of the Lagrangian through the covariant derivatives. Using again the shifted fields n and & we

define the vacuum as ¢, = % (v + n(x) + i&(x)).



+ Kinetic Term : (D, @)1 (D*®)
_ . 1 O\ T . 1 .
= (Ou-iga) 5@ +n+i0) (@u—iga) 5w +n+i5)
= (Ou+igh) 5 @ +1 - i0) (Ou-igh) 5 v + 1 +i6)
1

=3 (aun)(aﬂn) + %(aﬂf)(aﬂf) + %gzvauA“ + %gz(n2 +&2)A,AH — gv(auf)A”' + int. terms

* Potential Term: MZCDTCD+/1(CDTCD)2
=L+ — )W+ +i8) + 2 (W +n - W +n + iE))?
2 2 2
=5 (@ +m? +8) + (40 + )
= —/‘lziz(v2 +n%+ &%+ 2vn) +%(v2 + 1% + &% 4 2vn)?

= —%[Av‘L + Av2n? + A2é?% + 2v3n] + % [v* + n* + &% + 4v2n? + 2v%n? + 2v2%E% + 4v3n +
2n2&?% + 4vn3 + 4vné?]



= Avn? + 0- &% + int. terms
* Note that Kinetic term for Gauge field remains the same.
Hence, the transformed Lagrangian after SSB looks like :

1 U 2.,2 1 u 2 1 uv 1 2,,2 u 1 uv
L=§(aﬂn)(6 n) —Avnc + E(aﬂf)(a §)+0-¢& _ZF‘“’F +§g v-A,A _ZF‘“’F

— gv(aﬂgf)A“ + Int. terms  ---------mmmmmmmmm oo (2)
* Observations:

Initially we have two real scalar fields &, and &, and a massless gauge field A, with two DOF (Since mass
less only transverse modes are present). Total DO?—T Is 4. After SSB we see that n field becomes massive with
Proper mass sign but & field becomes massless which is known as Goldstone boson already discussed in our
ast lecture. But due to local gauge invariance via SSB we are now able to generate the mass of the gauge
field which is forbidden due to gauge invariance. The mass of the corresponding gauge field A,is gv .

Problem:

Although we have generated various interaction terms not explicitly written in Eqn.(2) The interaction term:
gvl(d,&)A* is of no physical meaning because it tells us that a real scalar field transforms into a gauge field
withdut any other field.



In a local gauge invariant theory we see that A4, Is fixed up to a term 9,6 as can be seen from previous
expression. In general, A, and & change simultaneously. We can exploit this freedom, to redefine 4,

and remove all terms involving the ¢ field.

» Considering terms involving d,¢ and A, we get:

2
1 1 1
~(0,6)(049) — gv(9u8)A* + 5 g* VP A Al = 5 gPv? (Au — (6M5)> 59?v?Ay ?

X% =X,X*
This specific choice, i.e. taking 8 = — %, is called the unitary gauge. Of course, when choosing this gauge
(phase of rotation 8) the field ® changes accordingly.
O m e T D= e e (v +iE) ~ e T (v 4 )e T = (v + h)
—e vP=e v—=wWH+n+il) e v—=wW+n)e v=—w
V2 V2 V2

Keeping in mind that upto 15t order in € is taken into consideration



» Here we have introduced the real h-field. When writing down the full Lagrangian in this specific gauge, we
will see that all terms involving the é-field will disappear and that the additional degree of freedom will
appear as the mass term for the gauge boson associated to the broken symmetry.

Let us write down the Lagrangian in this unitary gauge :

L

(D, )T (DFD) — 2T d — A(0Td)” - %FHVFW
= ((aﬂﬂ'gAM)i (v + h)) ((a —igA )i (v + h)) — Hzl(v + h)% — % (v + h)* — 1F FHY
V2 K K2 2 4 4 B
= %(aﬂh)(aﬂh) — Av2h?% + %gzvauA“ + g%v A, A*h + %gzvzthHA“ — v h3 — %Ah“ + %Av‘*
Observations:
1. 1sttwo terms give the Higgs mass Lagrangian with correct mass signature.
3" term gives mass of the gauge field introduced due to local gauge invariance of the Lagrangian.
4t and 5™ terms give interaction among Higgs and gauge fields.
6" and 7" terms give higgs self interactions

o &~ D

Last term is of no physical meaning.



Summary on breaking of a local gauge invariant theory:

We added a complex scalar field (2 degrees of freedom) to our existing theory and broke the original
symmetry by using a ’strange’ potential that yielded a large number of vacua. The additional degrees of
freedom appear in the theory as a mass term for the gauge boson connected to the broken symmetry (m,)

and a massive scalar particle (my,).

Take home Message:

A massless vector field carries two DOF (transverse polarizations); when A, acquires mass, it picks up a 3™
DOF (longitudinal polarization). Where did this extra DOF come from?

Answer: It came from the Goldstone boson, which meanwhile disappeared from the theory. The gauge field
‘ate’ the Goldstone boson, thereby acquiring both a mass and a third polarization state. This 1s the famous
Higgs mechanism which is based on union of local gauge invariance and SSB.

In the Standard Model this mechanism is employed to generate masses of the weak bosons responsible for
Weak Interactions.






Higgs Mechanism for Non-Abelian Gauge Theory

Here we shall consider SU(2) local Non-Abelian gauge transformation defined by U(1) = T ¢“() .

where T%s are the generators of SU(2) gauge group and 8%s are the parameters of transformation,
which are function of (¢, x).

Following the same procedures as adopted in case of Abelian case we can write the L, the Lagrangian
density for complex scalar field, which remains invariant under SU(2) local gauge group as :

L =(D,®)T(D*P) — p2dTd — Aotd)” — %ng,wa“" ............................ (1)

Where, D, = 9, + igT*W,

Under SU(2) gauge transformation the gauge field and the complex scalar field transforms in the
following way:

VVMa N VVHa _g(auea) . fabchVVuc

:mana
(D_)elTQ(D

The Gauge field strength tensor is : W5, = 0,W,* — 9, W, — f*PCW WS



Higgs Mechanism for Non-Abelian Gauge Theory

CI)+

. 1 . 1 :
Here, ® = (q)O) with ®* = NG (b, + idD,) and @Y = NG (D3 +iDy)

1
dTd =§(c1>% + O35 + DL + PI)

Under SSB with u < 0, one can choose the VEV to be : &, = \E (v -(I)— h

gauge. Here the minimum is chosen along the direction of the field ¢4

) with proper choice of

In constructing the Standard Model we need Higgs Mechanism for Abelian as well as Non-abelian
case.



Higgs Mechanism in the SM

The SM Gauge group is SU(2);, x U(1)y

In the SM the gauge group SU(2); x U(1)y breaks spontaneously to U(1),,, gauge group. Here Y
stands for hypercharge related by Q =I5 + g , WithY = B + S where B and S denote Baryon number
and Strangeness number respectively. The ingredients for Higgs Mechanism in this case are:

. . . (I)+ i i cbl + lcbz)
1. Anisospin doublet, ® = (cpo) = ﬁ(¢3 +idy

We can consider only SU(2); x U(1)y multiplets here ,i.e., Lagrangian would contain the terms which
preserve these symmetries.

Here Left handed fermions (electron-neutrino) are put into doublets with Isospin, I = % and right ones

are considered to be singlets with I = 0. The upper component of the isospin doublet has I; = % and for

1
lower ones , I; = — E



Higgs Mechanism in the SM

The Higgs potential is : V(®, @) = u2dTd + A(dTd)” with u2 <0,

The covariant derivative for the SM Gauge group SUR2), xU)y is:

.9 g
2)# = au + l;YBM + lETaVVMa

g' and g are gauge couplings for U(1)y and SU(2); gauge groups respectively.

B, and W,* are the gauge fields corresponding to U(1)y and SU(2), gauge groups respectively.
Here a can run from 1-3. So we have one gauge field for U(1), gauge group and three gauge fields
for SU(2); gauge group.

Y and t¢ are generators for the groups mentioned above. T%s are Pauli matrices.
The field strength tensors corresponding to the gauge fields are :

B,, = 0,B, — 0, B,

VV,ucwl/ — aum/va o av%a L fabcm/ubm/vc



Higgs Mechanism in the SM

The choice of vacuum that breaks the symmetry of the Lagrangian Spontaneously generates masses of
the gauge bosons following the lines of Higgs Mechanism. The vacuum picks up the minimum in one
particular direction , i.e., &3 = v and &; = &, = &, = 0. The VEV is given to the real part of the

neutral Higgs boson. Charged Higgs field does not acquire VEV because that would spoil the charge
conservation.

1

The Higgs field is defined after SSBas : &, = N (v _(I)_ h) where h denotes the Higgs field.

This vacuum is always neutral since I = %and I3 = —% and we choose Y = +1,
sothatQ = I; +-=0.

It can be shown that this choice of vacuum breaks the SU(2); x U(1)y gauge symmetry but leaves
U(1),.,, Symmetry invariant leaving only the photon field massless.

The choice of vacuum is dictated by the choice of unitary gauge discussed in Abelian case.



Broken & Unbroken symmetries in the SM

How do we check whether a symmetry associated with a gauge group is broken or intact after the SSB?
The breaking of a gauge symmetry is ensured by the fact that if the vacuum state of the system after

SSB does not respect the symmetry which the corresponding Lagrangian of the system respects.
Invariance implies that e!*2d, = &, with a being parameter of transformation and Z being the

generator of the corresponding transformation. If we consider infinitesimal transformation, we obtain,

Let us check the condition for the gauge groups : SU(2); ; U(1)y ; U(1)em

SU2),: 1,0y = (2 é)%(v fl )=+ ") % 0 SBroken!

)
h) # 0 —»Broken!
)

1
U1y : Y, = ((1) 2)%(1) -(I)— h) = +%(v h) + 0 —Broken!



Broken & Unbroken symmetries in the SM

The breaking of two gauge symmetries implies that four gauge bosons (W, W,, W5 and B ) acquire a
mass through the Higgs Mechanism. However, it will be later shown that W, and W, will mix to form
the charged gauge bosons, W* and W5 and B will mix to form the neutral gauge bosons, Z and y .

Photon y being massless, it implies that one remnant symmetry is there which is responsible for photon
to be massless. Let us find that symmetry: The vacuum must be invariant under this remnant symmetry.

The corresponding symmetry generator can be constructed from the generators 73 and Y.

The generatoris: Q&, = %(13 +Y)d, = ((1) g)%(v -(I)— h) = 0 —»Unbroken!!

This result is not surprising because U(1),,, IS conserved as the vacuum is neutral and we have
By = !0 @ = P,



